We present a scheme-independent calculation of the infrared value of the anomalous dimension of the fermion bilinear, γψ ψ,IR in an SU(3) gauge theory as a function of the number of fermions, N f , via a series expansion in powers of ∆ f , where ∆ f = (16.5 − N f ), to order ∆ 4 f . We perform an extrapolation to obtain the first determination of the exact γψ ψ,IR from continuum field theory. The results are compared with calculations of the n-loop values of this anomalous dimension from series in powers of the coupling and from lattice measurements.
A fundamental problem in quantum field theory concerns the evolution of an asymptotically free gauge theory from large Euclidean momentum scales µ in the ultraviolet (UV), where it is weakly coupled, to small µ in the infrared (IR). The dependence of the running gauge coupling g = g(µ) on µ is determined by the beta function [1] , β = dα/dt, where α(µ) = g(µ)
2 /(4π) and dt = d ln µ (we often suppress the argument µ in the notation). Here we consider an asymptotically free (AF) vectorial gauge theory with gauge group G = SU (3) and N f fermions ψ i , i = 1, ..., N f in the fundamental (F ) representation. The fermions are taken to be massless, since a fermion with mass m is integrated out of the effective theory for µ < m and hence does not affect the evolution to the IR with µ < m. This theory corresponds to quantum chromodynamics (QCD) with N f massless quarks.
The beta function of this theory has the series expansion
where a = g 2 /(16π 2 ) = α/(4π), b ℓ is the ℓ-loop coefficient,b ℓ = b ℓ /(4π) ℓ , and we extract an overall minus sign in Eq. (1). The n-loop (nℓ) beta function, denoted β nℓ , is given by Eq. (1) with the upper limit on the ℓ-loop summation changed from ℓ = ∞ to ℓ = n. The one-loop and two-loop coefficients are independent of the scheme used for regularization and renormalization (i.e., scheme-independent, SI), while the b ℓ with ℓ ≥ 3 are scheme-dependent (SD) [2] ; these are b 1 = 11 − (2/3)N f [3] and b 2 = 102 − (38/3)N f [4] . In our analysis, we formally extend N f to nonnegative real numbers, understanding that the physical values are nonnegative integers. Since b 1 vanishes as N f increases through the value N f,b1z = 33/2, the AF property implies the upper bound N f < N f,b1z = 33/2, which we assume. The interval 0 ≤ N f < N f,b1z is denoted I AF . We define
The coefficients b 3 and b 4 were calculated in [5] and [6] (and checked in [7] ), in the MS scheme [8] ; e.g.,
As N f ∈ I AF increases from 0, b 2 decreases, vanishing at N f,b2z = 153/19 = 8.0526, and is negative in the interval 153/19 < N f < 33/2, which is denoted I IRZ . If N f ∈ I IRZ , then the two-loop beta function β 2ℓ has an IR zero (IRZ), at α = α IR,2ℓ = −4πb 1 /b 2 . Here the IR zero of the n-loop beta function β nℓ is denoted α IR,nℓ . As N f ր N f,b1z at the upper end of I IRZ , α IR,2ℓ → 0, enabling a perturbative study of the IR behavior [4, 9] . As N f ∈ I IRZ decreases below N f,b1z , α IR,2ℓ increases, eventually becoming O(1). Therefore, the perturbative study of IR behavior for N f toward the middle and lower part of I IRZ , necessitates higher-loop calculations. These were performed to four-loop order in [10] - [15] . For n ≥ 3 loops, α IR,nℓ is scheme-dependent, and the effect of this was studied in [16] . For sufficiently large N f ∈ I IRZ , the theory evolves to an exact IR fixed point (IRFP) of the renormalization group (RG) in a chirally symmetric nonAbelian Coulomb phase (NACP). For sufficiently small N f , spontaneous chiral symmetry breaking (SχSB) occurs, the fermions gain dynamical masses, and they are integrated out of the low-energy effective theory that is applicable at lower scales in the IR. In this latter case, the IR zero is only an approximate IRFP. The lowest value of N f in the NACP is denoted as N f,cr . The UV to IR flow in the chirally broken phase near to this lower boundary of the NACP can exhibit quasiconformal behavior, which might be relevant to physics beyond the Standard Model. It is of great interest to elucidate the properties of the theory at the IRFP.
In this letter we report a significant advance toward the achievement of this goal, namely a new schemeindependent calculation of the anomalous dimension of the fermion bilinear,ψψ ≡ψ i ψ i (no sum on i), evaluated at the IR zero of the beta function. We denote this as γψ ψ,IR [17] . As a physical quantity, this is clearly scheme-independent [2] . The full scaling dimension of thē ψψ operator is D(ψ i ψ i ) = 3 − γψ ψ , with the anomalous dimension γψ ψ = −d ln Zψ ψ /dt, where Zψ ψ is the renormalization constant for this operator. For brevity, we set γψ ψ ≡ γ and γψ ψ,IR ≡ γ IR . In a usual perturbative calculation, γ is expressed as the series
where c ℓ is the ℓ-loop term andc ℓ = c ℓ /(4π) ℓ . The coefficient c 1 = 8 is scheme-independent, while the c ℓ with ℓ ≥ 2 are scheme-dependent and have been calculated to ℓ = 4 loop order in [18] . The n-loop result for γ is defined by replacing ℓ = ∞ by ℓ = n as the upper limit on the sum in (3), and the n-loop approximation to the exact γ IR , denoted γ IR,nℓ , is then obtained by setting α = α IR,nℓ in γ nℓ . A rigorous upper bound is
in both the NACP and the chirally broken phase [19] . The quantities α IR,nℓ and γ IR,nℓ were calculated to n = 4 loop order in [12, 13] . Although b 5 and c 5 have not yet been calculated for general G and fermion representation R, c 5 is known [20] and b 5 has recently been calculated [21] in the MS scheme for the present theory, G = SU(3), R = F . Using these results, we have computed α IR,5ℓ and γ IR,5ℓ in this scheme [22] .
It is highly desirable to construct a calculational framework in which γ IR can be expressed as a series expansion such that at every order in this expansion, the result is scheme-independent. One of us (T.A.R.) recently achieved this goal in [23] , expressing γ IR as
where each κ k is scheme-independent. The inputs for the calculation of κ k are the b ℓ at loop order 1 ≤ ℓ ≤ k + 1 and the c ℓ at loop order 1 ≤ ℓ ≤ k. For the finite series approximation we denote γ IR,
Ref. [23] gave γ IR,∆ p for the powers 1 ≤ p ≤ 3 for general G and R.
Here we report two new results: (i) the calculation of κ 4 and hence γ IR,∆ 4 , and (ii) using the γ IR,∆ p with p up to 4, an extrapolation to the exact γ IR for G = SU(3), R = F , and N f ∈ I IRZ . The lower-order coefficients for this SU(3) theory are [24] 
where ζ(s) = ∞ n=1 n −s is the Riemann zeta function. In Fig. 1 we show a plot of γ IR,∆ p and in Table I we list numerical results for 1 ≤ p ≤ 4, with N f ∈ I IRZ . For comparison, this table also lists results for γ IR,nℓ at n-loop level for 1 ≤ n ≤ 5 from [12, 22] . The values of γ IR,2ℓ for N f = 9, 10 exceed the upper bound (4) and hence, as noted in [12] , we regard these N f values at the lower end of I IRZ to be beyond reliable perturbative analysis via the series (3). The estimates of γ IR,5ℓ for N f = 9, 10 were not given in [22] ; they use the IR zero from the [3, 1] Padé approximants for β 5ℓ . Here we see another merit of the SI expansion (5), namely that it allows us to study the IR behavior closer to the lower end of the interval I IRZ . Although N f = 8 < N f,b2z is below the lower end of I IRZ , we mention that γ IR,∆ p = 0.424, 0.698, 0.844, 1.04 for 1 ≤ p ≤ 4.
Having the four SI values γ IR,∆ p with 1 ≤ p ≤ 4, we can carry out a polynomial extrapolation to estimate the exact γ IR = lim p→∞ γ IR,∆ p for each N f . We have investigated two such extrapolations, one of which uses all four terms and the other of which uses the three highest-order terms, i.e. p = 2, 3, 4. These two types of extrapolations give consistent results. We report the values obtained with the second extrapolation method here. For example, for N f = 12, we obtain the fitting polynomial γ IR,∆ p ,f it = 0.2048p −2 − 0.3005p −1 + 0.400, from which we get γ IR = lim p→∞ γ IR,∆ p ,f it = 0.400 for this N f . We list our results for γ IR as a function of N f from this extrapolation in Table I . For N f values near the upper end of the interval I IRZ , where ∆ f is small, our γ IR,∆ 4 and extrapolation to the exact γ IR (both of which are SI) are very close to the value of γ IR,4ℓ calculated in the MS scheme [12, 13] and in other schemes [16] and to the value of γ IR,5ℓ in [22] . As N f decreases in I IRZ , our γ IR,∆ 5 and extrapolated exact γ IR become progressively larger than the corresponding values of γ IR,nℓ for 3 ≤ n ≤ 5. If we were to apply the same extrapolation procedure at N f = 8 (below N f,b2z ), we would get an unphysical value of γ IR slightly above 2.
An important general result concerns the monotonicity of γ IR as a function of N f . We find that for G = SU(N c ) for general N c and for R equal to the fundamental, adjoint, and symmetric and antisymmetric rank-2 tensor representations, the κ p for p = 1, 2, 3 given in [23] are positive. Hence, for all of these cases, for p = 1, 2, 3, γ IR,∆ p is a monotonically increasing function of ∆ f , i.e., a monotonically decreasing function of N f in the range where this ∆ f expansion applies, which includes the interval I IRZ . Further, our Eq. (9) shows that κ 4 > 0 G = SU(3) and R = F , so for this case γ IR,∆ 4 and our extrapolated exact γ IR are also monotonically increasing functions of ∆ f , i.e. decreasing functions of N f , throughout I IRZ . A plausible conjecture, based on these results, is that for G = SU(N c ) with general N c and for R = F , κ p > 0 for all p ≥ 1. Assuming this conjecture is correct, then the inequality γ IR,∆ p ≤ γ IR follows (realized as a strict inequality except at N f = N f,b1z where γ IR = 0). We note that κ p > 0 for all p ≥ 1 in QCD with N = 1 supersymmetry (SQCD) [23, 25] .
We next compare our results for γ IR,∆ 4 and extrapolation for γ IR with lattice measurements of γ IR [26] . The most extensive measurements have been carried out for N f = 12 and range from γ IR ∼ 0.4 to γ IR ≃ 0.2 [27] - [32] . Our value γ IR,∆ 4 = 0.338 and our extrapolated γ IR = 0.40 are consistent with this range of lattice measurements and are somewhat higher than the five-loop value γ IR,5ℓ = 0.255 from the conventional α series that we obtained in [22] . There is also consistency between our determinations of γ IR and rough estimates that γ IR ∼ 1 from lattice studies for N f = 10 [33] and N f = 8 [34, 35] .
Combining the upper bound γ IR < 2 with the monotonicity of γ IR , we infer that if γ IR saturates its upper bound as N f ց N f,cr at the lower end of the NACP [36] , then we would conclude that 8 < N f,cr < 9. However, we stress that it is not known if, in fact, γ IR saturates its upper bound in this way as N f ց N f,cr .
In contrast to γ IR , the IR zero of β, α IR , is schemedependent. Nevertheless, one can use the ∆ f expansion to obtain an estimate of α IR that is complementary to the estimate from the calculation of the zero of β expressed as a series expansion in powers of α. We write
We have calculated theã n for general G and R for 1 ≤ n ≤ 3. Using b 5 from [21] for G = SU(3) and R = F , we have also calculatedã 4 for this case, for which we find 
In summary, using the recently calculated b 5 from [21] , we have presented a scheme-independent calculation of γ IR,∆ 4 and an extrapolation to estimate the exact anomalous dimension of the fermion bilinear at the IR zero of the beta function, γ IR , as a function of N f in a QCD-like gauge theory. We have compared the results with n-loop calculations obtained from power series in the coupling and with lattice measurements.
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